CALCULATING THE PARABOLIC CHERN CHARACTER OF A 
LOCALLY ABELIAN PARABOLIC BUNDLE 



CHADI HASSAN TAKER 

Abstract. We calculate the parabolic Chern character of a bundle with locally 
abelian parabolic structure on a smooth strict normal crossings divisor, using the 
definition in terms of Deligne-Mumford stacks. We obtain explicit formulas for 
chi, c/i2 and cft.3, and verify that these correspond to the formulas given by Borne 
for chi and Mochizuki for c/12. 



1. Introduction 

Let X be a smooth projective variety with a strict normal crossings divisor D = 
Di + . . . + Dn C X. The aim of this paper is to give an exphcit formula for the 
parabolic Chern character of a locally abelian parabolic bundle on {X, D) in terms 
of: 

— the Chern character of the underlying usual vector bundle, 

— the divisor components Di in the rational Chow groups of X, 

— the Chern characters of the associated-graded pieces of the parabolic filtration 

along the multiple intersections of the divisor components, and 

— the parabohc weights. 

After giving a general formula, we compute explicitly the parabolic first, second, 
third parabohc Chern characters c/if "'"(E), c/if "'"(£') and ch^"-''{E). 

The basic idea is to use the formula given in |IS2j . However, their formula did 
not make clear the contributions of the different elements listed above. In order to 
adequatly treat this question, we start with a somewhat more general framework 
of unweighted parabolic sheaves. These are like parabolic sheaves except that the 
real parabolic weights are not specified. Instead, we consider linearly ordered sets 
Sj indexing the parabolic filtrations over the components Di. Let denote the 
linearly ordered set of links or adjacent pairs in E,. We also call these "risers" as S 
can be thought of as a set of steps. The parabolic weights are then considered as 
functions : ^ (—1, 0] C M. This division allows us to consider separately some 
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Chern class calculations for the unweighted structures, and then the calculation of 
the parabolic Chern character using the parabolic weights. 

A further difficulty stems from the fact that there are classically two different 
ways to give a parabolic structure: either as a collection of sheaves included in one 
another; or by fixing a bundle E (typically the zero-weight sheaf) plus a collection 
of filtrations of E\d.. The formula of [IS2j is expressed in terms of the collection of 
sheaves, whereas we look for a formula involving the filtrations. Thus, our first task 
is to investigate the relationship between these two points of view. 

An important axiom concerning the parabolic structures considered here, is that 
they should be locally abelian. This means that they should locally be direct sums 
of parabolic line bundles. It is a condition on the simultaneous intersection of three 
or more filtrations; up to points where only two divisor components intersect, the 
condition is automatic. This condition has been considered by a number of authors 
(Borne |Bolj [Bo2j . Mochizuki |Mo2] . Iyer-Simpson |ISlj . Steer- Wren |Sr-Wrj and 
others) and is necessary for applying the formula of |IS2j . 

An unweighted parabolic sheaf consists then of a collection of sheaves £^o-i,...,cr„ 
with cTj G Sj on X, whereas an unweighted parabolic structure given by filtrations 
consists of a bundle E on X together with filtrations F*^ C of the restrictions 
to the divisor components. In the locally abelian case, these may be related by a 
long exact sequence ([5]): 

n 

— ^E^ 0te).(^;j ^ 0(6,)*(^^,.,) - ... - — 0. 

i=l i<j 

Where U^''"''^\. denote the quotient sheaves supported on intersections of the divisors 

Ai n... ha!,.' 

Using this long exact sequence we get a formula ([6]) for the Chern characters of 
-E(Ti,...,cr„ in terms of the Chern character of sheaves supported on intersection of the 
divisors Di^ fl ... fl Di^ of the form: 

n 

q=l ii<i2<---<iq 

The notion of parabolic weight function is then introduced, and the main work 
of this paper begins: we obtain the Chern characters for the -Eoi, for any ai G 
(— 1, 0]; these are then put into the formula of [lS2j, and the result is computed. This 
computation requires some combinatorial manipulations with the linearly ordered 
sets Sj notably the associated sets of risers in the ordering. It yields the following 
formula (13.41) of Theorem 13. 4t 

ch^'^'-iE) = ch^\E)e^+ 
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■El 

q=l 



-V. 



ii<«2<---<«„ Ai . gS' 



n 



-K^(A,,)+i)A, 



In this formula, the associated-graded sheaves corresponding to the multiple filtra- 
tions on intersections of divisor components Dj = Di^ fl ■ ■ ■ fl Di are denoted by 



These are sheaves on Dj but are then considered as sheaves on X by 



the inclusion ^J^^, : Dj X. The Chern character ch |^^/^^(Gr^^' "' "^^ ) j is the Chern 
character of the coherent sheaf on X. This is not satisfactory, since we want a for- 



mula involving the Chern characters of the Gr > 



on Dj. Therefore in §3.11 we 



use the Grothendieck-Riemann-Roch theorem to interchange ch and ^7^^,, leading to 
the introduction of Todd classes of the normal bundles of the Dj. Another difficulty 
is the factor of multiplying the term ch^^{E); we would like to consider the par- 
abolic Chern class as a perturbation of the Chern class of the usual vector bundle 
ch^\E). Using the same formula for the case of trivial parabolic weights, which 
must give back ch^\E) as an answer, allows us to rewrite the difference between 
chy^{E) and ch^^{E)e^ in a way compatible with the rest of the formula. After 
these manipulations the formula becomes fl3.14l) of Theorem I3.14t 

c/i^""(E) = ch^\E) - 



9=1 



E E n 

ll<t2< — <lq Ai ,es'. j = i 



^i,Jch{Gr 



+ 



^"E( 

q=l 



E E n 

il<i2<...<iq Ai. GS', i=l 



a,,{A,.)+l A, 



D, 



0,. (ch{Gr^-:: 



Finally, we would like to compute explicitly the terms ch^"''^{E), c/i^"'^(£') and 
(E). For these, we expand the different terms 



n 



n 



e 



- Q,JA,.) + 1 A, 




in low-degree monomials of Di., and then expand the whole formula dividing the 
terms up according to codimension. Denoting by 5 := {1, . . . , n} the set of indices 
for divisor components, we get the following formulae: 



. c/i^""(S) := rank{E).[X] 
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.cK^^{E):=chX\E) - E o.^AK)■rank{GTl^).[D,,] 

+ E E E (^iAK)-(^i2{K)-rankp{Gr^:'^\^).[Dp]. 

ii<i2 ^i^esj^ pG/rr(D,-^nDi2) 

For chl'''{E), see Section 5. 

The formula for ch^"'^'{E) is well-known (Sesliadri et at) and, in terms of the definition 
of Chern classes using Deligne-Mumford stacks, it was shown by Borne in |Bolj . The 
formula for c/zf"''(-E) was given by Mochizuki in |Mo2] . and also stated as a definition 
by Panov |Pa] . In both cases these coincide with our result (see the discussion on 
page [28!) . As far as we know, no similar formula for ch^"'''{E) has appeared in the 
literature. 

Mochizuki defines the Chern classes using the curvature of an adapted metric and 
obtains his formula as a result of a difficult curvature calculation. It should be noted 
that our formula concerns the classes defined via Deligne-Mumford stacks in the 
rational Chow groups of X whereas Mochizuki's definition involving curvature can 
only define a class in cohomology. The identity of the two formulas shows that the 
curvature definition and the stack definition give the same result up to degree 2. Of 
course they must give the same result in general: to prove this for the higher Chern 
classes this is an interesting question for further study. 

A lot of thanks to my professor Carlos Simpson for his help with this work. 

2. Unweighted parabolic structures 

2.1. Index sets. Let X be a smooth projective variety over an algebraically closed 
field of characteristic zero and let D he a strict normal crossings divisor on X. Write 
D = Di + ...+Dn where Di are the irreducible smooth components, meeting transver- 
sally. We sometimes denote by S := {1, . . . ,n} the set of indices for components of 
the divisor D. 
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Definition 2.1. For i — l,...,n, let Ej be finite linear ordered sets with notations 
rji < ... < (7 < a' < o" < ... < Ti where r)i is the smallest element ofEi and Ti the 

gratest element of Hi. 

Let be the connection between the a 's i.e 

E^ — {(cr, cr'), s.t (T < a' and there exist no a" with a < a" < a'}. 

Consider the tread functions m+ : E' — > Ej and m_ : E^ ^ Ej z/ A = (cr, a') G T,[ 
then a = m_(A),o"' = m+(A). In the other direction, consider the riser functions 
C+ : Ej — {Ti} — > E^ and C_ : Ej — {rji} E^ such that C+(cr) = (cr, cr') where a' > a 
the next element and C_(cr) = (cr", cr) where a" < a the next smaller element. 

One can think of the elements of E, as the steps or "treads" of a staircase, with r]i 
and Tj the lower and upper landings; then E^ is the set of risers between stairs. The 
tread function sends a riser to the upper and lower treads, while the riser functions 
send a tread to the upper and lower risers. The upper riser of Tj and the lower riser 
of r\i are undefined. 

2.2. Two approaches. 

Definition 2.2. An unweighted parabohc sheaf E. on (X, D) is a collection of 
sheaves indexed by multi-indices a — {u\., ....,0^) with Ui e Ej, together with 
inclusions of sheaves 

Ea ^ E(ji 

whenever a i < a.- (a condition which we write as a < a' in what follows), subject to 
the following hypothesis: 

Construction 2.3. 

We have inclusions of sheaves 

E ^ E ^ E 

Consider the exact sequence 

^ -£'T-i,...,Tj_l,(Ti,Ti+l,...,T„ ^ -£'Tl,...,T„ ,. ..,r„ /-E'ri ,. ..,T„ ^ 0, 

and put F^. = C '^i--''^" — = then we get the exact sequence 

(2) ^ 

j j -C/Tl,...,CTi,...,T„/ -^Tl,...,»;i,...,T„ 



which can be written as 

' ^ -Sti,...,t„ ^ \r)^ jFl.. 

i 

Here, to E. we associate the usual vector bundle E := Er-^^,,,^T„- 

Definition 2.4. Let E be a locally free sheaf on X suppose we have a filtration 
denoted by F' = {F^ C E \d,,ct G S^} of E \d, where F^^ = and F^^ = E \d, with 
the remaining terms being saturated subsheaves 

= F;^CF^^C...CF^^ = E\n^ 

for each i = 1, ...,n. We call this a parabolic structure given by filtrations. 

The construction 12.31 allows us to pass from an unweighted parabolic sheaf, to a 
parabolic structure given by filtrations. Suppose we are given an unweighted par- 
abolic sheaf Erj when all the component sheaves -Eo-i,...,o-„ are vector bundles. Set 

E = Er-^,...,r„ and 

E \Di= -£'Ti,...,r„/-£'ri,...,Ti_i,77i,...,r„- 

The image of -ETi,...,ri_i,(T,,...,T„ in E is a subsheaf F*^, and we assume that it is 
a saturated subbundle. This gives a parabolic structure given by filtrations. 
We can also go in the opposite direction. 

Construction 2.5. 

Suppose {E, {F^}) is a parabolic structure given by filtrations. Consider the kernel 
sheaves 

^ Eri,...,a„...,T„ ^ -^ri,...,r„ > E / F^^, 

define a collection of sheaves 

Ecri,...,rT„ [^(-£'ri,...,(Ti,...,T„) C £'ri,...,Tn 

i 

with has the property that 

Ea-i,...,cTi-i,r]i,CTi+i,...,a„ -^(Ti,...,o-i_i,ri,o-i_|.i,...,(7„ ( -Oj). 

Thus we get an unweighted parabolic sheaf. 

2.3. Locally abelian condition. An unweighted parabolic line bundle is an un- 
weighted parabolic sheaf F such that all the F^r are line bundles. An important class 
of examples is obtained as follows: if a' is a multiindex consisting of a'^ G then we 
can define an unweighted parabolic line bundle denoted 



(3) 



F := Oxia') 
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by setting 

n 
i=l 

where each 7j is equal to —1 or 0; with 7^ = — 1 when ai < a[ and 7i = when 
cTj > a[. Note here that the relations <, > are defined between treads ai and risers 

On the other hand, if is a locally -free sheaf on X then it may be considered 
as an unweighted parabolic sheaf (we say with trivial parabolic structure) by setting 

n 

Ea- to be i?(^^7iA) for 7^ = if CTj = ti and 7i = —1 otherwise. 

i=l 

Definition 2.6. Suppose E is a vector bundle on X and a' is a multiindex consisting 
of a[ G T!^, we can define the unweighted parabolic bundle as follows: 

E{a') := E®Ox{(y'). 

Lemma 2.7. Any unweighted parabolic line bundle has the form L{a) for some o' 
and L a line bundle on X . 

Definition 2.8. An unweighted parabolic sheaf E., or unweighted parabolic structure 
given by filtrations {E,F'), is called locally abelian parabolic bundle if in a 

Zariski neighbourhood of any point x E X there is an isomorphism between F and a 
direct sum of unweighted parabolic line bundles. 

Lemma 2.9. Suppose -E'o-i,...,ct„ define a locally abelian parabolic bundle on X with 
respect to {Di, Dn)- Let E = A^. ^.^T-n; which is a sheaf on X. Then E^j comes from 
the construction \2.5\ as above using unique filtrations F^. of E \d- and we have the 
follwing properties: 

1) the £^o.i,...,(T„ o^re locally free; 

2) for each q and collection of indices (ii, ig) at each point in the q-fold inter- 
section p G -Dti n ... n Di^ the filtrations F*^, F^'' of Ep admit a common splitting, 
hence the associated-graded 

Grj:\..Grj:\E,) 

is independent of the order in which it is taken; 

3) the functions 

P^rk Grj;\..Gr^^{Ep) 
are locally constant functions of P on the multiple intersections Di^ fl 

Borne |Bolj shows: 
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...n A,. 



Theorem 2.10. Suppose given a parabolic structure which is a collection of sheaves 
-E'(Ti,...,cr„ obtained from filtrations on bundle E as above. If the sheaves satisfy condi- 
tion 1), or if the filtrations satisfy 2) and 3) of the previous lemma, then the parabolic 
structure is a locally abelian parabolic bundle on (X, D). 

Now we have two directions: 

1- If we have a subsheaf structure 



as in Construction I2.3l by using the exact sequence ([2]). Then, to calculate the Chern 
character of -E'cti,...,(t„ in terms of filtration structure, we must be find an extension 
for the left exact sequence ([2]) to a long exact sequence. 

2- Vice versa. 

Suppose we have a locally abelian parabolic structure {-F*} given by filtrations, on 
a vector bundle E with filtrations 




we can define the filtration structures 




and the parabolic structure E„ is given by 



n 



(4) 



E, 



CTl,...,(T„ 




i=l 



More generally define a family of multi-index quotient sheaves by 



CTl "T •••• "T o-„ 

In these notations we have rji < Ci < Ti, for i = 1, n. 



If we consider quotient sheaves as corresponding to linear subspaces of the dual 
projective bundle associated to E, then the multiple quotients above are multiple 
intersections of the L^.. The formula (jlj) extends to a Koszul-style resolution of the 
component sheaves of the parabolic structure. 

Lemma 2.11. Suppose that the filtrations give a locally abelian parabolic structure, 
in particular they satisfy the conditions of Lemma \2.9[ Then for any rji < ai < Ti 
the following sequence is well defined and exact over X: 
(5) 

n 

— ^E^ ®{i^ULl.) - 0te,,).(i^^f,.,) ^ • • • ^ L,.^...,.. 0. 

i=l i<j 

Where E is a sheaf over X , ^^{L^^J 0,1^^ 0, sheaves over Di, ^^(-^^^0-^) sheaves 

i i<j 

over Di j = Di (1 Dj, etc.; C,i denotes the closed immersion Di ^ X, and 
{^i)i, '■ coh{Di) — > coh{X) denotes the associated Gysin map. The general term is 
a sum over I = (ii, ....iq), where are sheaves over Dj = Di^ fl ... fl Di^ pushed 
forward by the Gysin map (^/)* : coh{Di) — > coh{X). 



Proof. The proof in |IS2j is modified to cover the unweighted case. The maps in the 
exact sequence are obtained from the quotient structures of the terms with alternat- 
ing signs like in the Cech complex. We just have to prove exactness. This a local 
question. By the locally abelian condition, we may assume that E with its filtrations 
is a direct sum of rank one pieces. The formation of the sequence, and its exactness, 
are compatible with direct sums. Therefore we may assume that E has rank one, 
and in fact E = Ox- 

In the case Ox{o'') as in ([3]), the vector bundle E is the trivial bundle and the 
filtration steps are either or all of Ooi- In particular, there is rji < a'i < Ti such 
that Fj = for j > and F] = for j' < a-. Then 

if cTj^ < a'i^ for all J = 1, g and the quotient is zero otherwise. The sequence is 
defined for each multiindex di, (T„. Up to reordering the coordinates which doesn't 
affect the proof, we may assume that there is p G [0, n] such that cTj < cr- ioi i < p 
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but (7i ^ (7[ for i > p. In this case, the quotient is nonzero only when ii, ...,iq ^ p. 
Furthermore, 

In local coordinates, the divisors Di,...,Dp are coordinate divisors. Everything is 
constant in the other coordinate directions which we may ignore. The complex in 
question becomes 

0{—Di — ... — Dp) ^ O (Bi<i<pODi — ^ ®i<i<j<pODinDj ■■■ C^Din-nDp- 

Etale locally, this is exactly the same as the exterior tensor product of p copies of 
the resolution of 0^i{—D) on the affine line with divisor D corresponding to the 
origin, 

Oai{-D) ^ Oa^ ^ Od ^ 0. 

In particular, the exterior tensor product complex is exact except at the beginning 
where it resolves 0{—Di — ... — Dp) as required. □ 

Using the resolution of the above lemma we can compute the Chern character of 
Eai,...an in terms of the Chern character of sheaves supported on intersection of the 
divisors D^-^n, D^^. This gives us 

n 

(6) ch'^'iD^.^^J = ch^\E) + ^(-1)'^ • 

q=l ii<i2<...<iq 

Definition 2.12. Let I — {ii,...,ig) for 1 < ii < ... < ig < n and analyse the 
quotient L^^.'^' '*«^. along the multiple intersection Di^^,,,^i^. There, the sheaf EId^^ ^^ 

has q filtrations ^ indexed by Ui- e Ej^. leading to a multiple associated- 

graded defined as follows, put 

Fi'. n... nF!« c E\ 



\Dil,...,iq 



Where G , F!;'-\ = and = E\d- ■ , we have C 

pii,...,iq^^ i/cTij ^ and ^ cr^ . Then for a multiindex of risers Xi. € S^., define 



Q^il,...,iq m+{X,j^),...,m+{X,g) 



Z^j=l m+(AjJ,...,m+(Aj^)-l,...,m+(A,^) 

where the indices in the denominator are almost all m_|_(Aj^.) but one m_|_(Ajj.) — 1. If 
the parabolic structure is locally abelian then the filtrations admit a common spliting 
and we have 

Gr''-^ =GrrGrr...Grr{E\n. ■). 
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Lemma 2.13. Let U be a bundle over Y, and Ff,F2, ■■■,F^ are the filtrations such 
that 3 common local bases. Then in group of Grothendieck we have 

GrpiGrpj commute, and U ~ GrFiGrF2---GrFq{U). 

Proof. This may be proven by an inductive argument. □ 



Theorem 2.14. Suppose given a locally abelian parabolic bundle. Locally over Dj in 
the Zariski topology 3 a finite set /?(Ajj, Aj^) such that we have a base over E\d. 
of the form 

and for the filtrations F'^^'^]'^,^^^ admit a base of the form 
and 

{eXi^,...,Xi^;b}xi.<T.[^ 

form a base of Gr^^^"^'[y_ . 

Proof. By the locaUy abehan condition, locaUy we may assume that the parabohc 
bundle is a direct sum of parabohc hne bundles. For these, the bases have either 
zero or one elements and we can verify which are nonempty in terms of conditions 
on the (Tj. □ 

Corollary 2.15. In the Grothendieck group of sheaves on D^^ fl ... fl D^^, we have 
an equivalence 



(a) 



and 



( 



y GrfS 
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Now apply the part (6) of the above corollary in equation ([6]) we get a formula for 
the Chern character of -E'o-i,...,(t„ in terms of the associated graded as follows : 

n 

(7) c/.^^(i?.,...,.J = c/.^^(E) + E 

q=l ii<i2<...<iq o-ij^<Aj^ 

3. Weighted parabolic structures 

The next step is to introduce the notion of weight function, providing a real number 
a{i){Xi) for each Aj G T,'-. The weights naturally go with the "risers" of the linearly 
ordered sets, which is why we introduced the sets above. 

We prolong Sj by adding its Z-translates. Define 

$. = Z.Si := Z X Si/ ~ 

s.t {k, Ti) ~ (A; + 1, Tji), and 

$: := Z X T.[. 

Prolong the functions 

C_,C+ : Z.S, — > Z X 

by setting C+(fc, t) = {k + 1, C+{r])), and C_(A;, i]) = {k - 1, C_(r)). 

For any unweighted parabolic sheaf we prolong the notation of -E'cri,...,cr„ to sheaves 
defined for all ipi = {ki,ai) G Z.Sj as follows: define 

-£'¥'i,...,i/3„ Ea^^, ^^(j^{llkiDi). 

This is well defined modulo the equivalence relation defining $j, because of the 
condition ([1]). This gives the property 

-E',^i+ii,.--,'/'n+«n = -£^</:>i,...,¥'„(^l-Dl + ... + InDn) 

where li E 7^. 

Definition 3.1. A weight function is a collection of functions 

a(z):S:^(-l,0]CM 

which are increasing, i.e. a{i){X') < a{i){X) when X' < X. 

To transform from unweighted parabolic structure — > weighted parabolic struc- 
ture we must extend the funchtion a{i) to all of Z.S. by : 

a{z) : (-1, 0] a{z) -.^-^R 

s.t a{i){k, a) = k + a{i){(r). 
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Now define intervals by : 

Int{a{i),ai) = {a{i)C^{ai),a{i)C+{ai)] , 

and 

Int (a(i),v?i) = {a{i)C^{ipi),a{i)C+{ipi)] . 



We can now define the weiglited or usual parabolic sheaf, associated to an un- 
weighted parabolic sheaf and a weight function. Consider the sheaves £^/3i,...,/3„ for 
every G M", given ...,Pn V i 3! G $• such that Pi e Int{a{i),ipi), then we 
define 

This defines a parabolic sheaf in the usual sense [Ma-Yoj |Mo2j |Bo2] |IS2j . 

Theorem 3.2. Suppose E is a weighted parabolic bundle on X with respect to 
Di, Dn- Then we have the following formula for the Chern character of E : 



Proof See [182] (15), p. 35. □ 

In this formula note the exponentials of real combinations of divisors are inter- 
preted as formal polynomials. The power series for the exponential terminates be- 
cause the product structure of CH^^{X) is nilpotent. 

If the weights are real, then we need the integrals as in the formula, and the result 
is in CH{X) ®z I^- If the weights are rational, then the integrals may be replaced 
by sums as in |IS2l Theorem 5.8]. In this case the answer lies in CH{X) ®z Q. In 
what follows, if we were to replace the integrals by corresponding sums the answer 
would come out the same (a factor in the numerator depending on the denominator 
of the rational weights which are used, will cancel out with the same factor in the 
numerator). In order to simplify notation we keep to the integral formula. 

Let = (cTj + 1) then 

Ch^"-'''{E)- ^ J/3ie/nf(a(l),yi)n(0,l] • •• J/3„gJnt(a(n),y)„)n(0,l] ^ \^Vi,-,Vn) 



(/3i...(^„e<i>ix...x<i>„ 



Remark 1. /nt(a(i), y9j)n(0, 1] = if ipi ^ im({l} x Sj) — > $j i.e just if ipi = o-j + 1 
for ai eT^i. 
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Definition 3.3. Let (pi — ai + 1, for (jj e Ej. Define domains by 
Dom{a{i), a^) :— Int{a{i), cxj + 1) fl (0, 1], 

then 



(Ti...(T„eSix...xS„ Jo ■■■Jo 

We have 

then 

therefore 



ch^^'iE) = I f I X 

/ 7 ■■■ / 

^/3i=q;_((ti)+1 •//32=a_(<T2)+l J 3„=a-ia„ 



for i — 1, n, where 



or, 

if CTj = Tj 



and 



a{i){C_{ai)) or, 

-1 if ai = ?7j 



so Dom{a{i), ai) = {a-{ai) + 1, a+{ai) + 1]. 



Then 



ch'^^^iE) 



.^'■■■/o^-"^'^\ 
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X 



/ 

Jl3i-- 



a+((Ti)+l /■a+(<T2)+l na+{a„)+l 



a-{ai)+l Jp2=a-ia2)+l ^/3„=Q-(<Tn)+l 



-E(A-l)Ci 



Take 7^ = /?i — 1 for i = 1, n then 



ai...<TnGSiX..xS„ \Jli=a 



X 



a+(o-i) 



a+(CT2) 

72=a-(o-2) 



a+(cn) 

7„=a_((Tn) 



and we have 



n 



Then 



X 



E 



eSix...xE„ 



ch 



Vb 



(^)+E(-i)^ E E ^h(^^,{Gr^:^::xj) 



\ 



q=l il<i2<---<iq ^i^O^i 



X 



Q+((Ti) /•a+(cr2) ra+icTn) \ 

e-^i-°id7i / e-^^-°^d72 ... / e-^-°"d7„ 

7i=a_(<Ti) ^72=a-(o-2) ^7„=a_((T„) y 



ch^\E) 



X 



^o-ieSi"'Ti=°-(°'i) 



^<T2eE2'^T2="-('"2) 



a+(o-n) 



E / e-^"^"d7n 



15 



+ 



il<i2<---<iq Ai^...Aiq 



E 



a+{ai) 



\cti<Ai if lei 



;i<i2<--- 
\ / 

/ 



q=l 



^71 



E 



Q+((T2) 



E 



\ 



which can be written as 



ch'^'''{E)=A + B 



where 



E 



-71 Di 



o-ieSi'^Ti=°-(^i) 



\ / /•"+(<^2) \ / pa+{ij„) 

/ V(T2eE2'^T2=°-('^2) / \a„eE„'^Tn=a_(a„) 



One can note that e'^'^dp = = e""^ ^1° '^""^ =6""^ 



where td is the Todd class. 



td{{a-b)D) 



We have 2J / e'^'^'d-fi = I e~"''^'d^i for i = 1, 2, n and put /3 = 7 

integration variable 



as 



then 

A = 



chy\E) 



Jo Jc 



,-S7, 







) (f 



^"^"ci7„ 



-InDr 



din 



e '^^^"djn 



.ch^\E) 
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where 



/_°^ e-^^^'^d-fi _ e-^' - 1 _ e^'(l 



1 - e-^' 



1 - e--D* 



/or i = l,2,...,n 

therefore 

where i:> = L>i + + ... + -D„ 



and 



B 



n 



X 



E 



a+((Ti) 



<?=1 



,-71 Di 



ii<i2<...<iq ^ij 



d7i 



■'^g 



cr2eE2 "^72=0:- (0-2) 

CT2<A2 </ 2e/ 



■„es„ Ji„=a-{a„) 



d'Jn 



<7n<^n if n£l 



The sums of integrals can be expressed as single integrals; if i ^ /, set formally 
o^iiK) := in the following expression: 



B 



-JnDr 



d'Jn) 



/ 



n 

E(-i)' E E -h((,AGr^-:!Xj) 

g=l «i<«2<..-<«„ Ai . gS' 



X 



X 



(/°, e-^i^id7i)(/_°i e-72^2d72)...(/°^ e~^r.D^d^r^) 
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X 



(i7n) 



n (? 

= ^"E(-i)' E E <=K?v(G<;;:\))n 

g=l ii<i2<-<i9 Af .GS'. j= 

n q 

q=l n<i2<...<jq Aj.eS' J 

^ '■J 

n q 

e°E(-i)' E E -h((,jGr<^-:!xy)i[ 



/-I 



(Ai.) 



ii<i2<---<iq Aj.eS' 



therefore we have proven the following 



Theorem 3.4. 

(9) 



Vb( Tr\„D 



n 



.E(-i)' E E 

q=l ll<l2<-<lq Ai-GS' J=l 



g-'^ij (1 — e" 



e 3 — 1 



3.1. Riemann-Roch theorem. The next step is to use Riemann-Roch theory to 

interchange ch and ,^7 ,^. Let K°Di denote the Grothendieck group of vector bun- 
dles(locally free sheaves) on Di. Each vector bundle E determines an element, de- 
noted [E], in K°Dj. K°Di is the free abelian group on the set of isomorphism classes 
of vector bundles, modulo the relations 

[E] = [E'] + [E"] 

whenever E' is a subbundle of a vector bundle E with quotient bundle E" — E / E' . 
The tensor product makes K°Di a ring: [E].[F] ^[E®F]. 

Definition 3.5. For any morphism : X ^ Dj there is an induced homomorphism 

Ci ■■ K°Di K°X, 
taking [E] to [CjE], where ^jE is the pull-back bundle. 
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The Grothendieck group of coherent sheaves on Dj, denoted by KoDj, is defined 
to be the free abehan group on the isomorphism class [T] of coherent sheaves on Di, 
modulo the relaions 



for each exact sequence 

^ JT' ^ JF ^ JF" ^ 
of coherent sheaves on Dj. Tensor product makes KoDj a K°D j-module: 

K°Di ® K^Di K,Di, 

[E].[J^] ^ [E ^o^^ T]. 

Definition 3.6. For any proper morphism : Dj ^ X, there is a homomorphism 

6,* : KoDi ^ KoX 

which takes [J-'] to '^^{—iy[R'^^i^i,J-']. where R^^i^^.J-' is Grothendieck higher direct 
image sheaf, the sheaf associated to the presheaf 

on X . 

It is a basic fact the i?*^/_*JF are coherent when is coherent and ^7 is proper. 
The fact that this push-forward is well-defined on KoDj results from the long 
exeat cohomology sequence for the R^Ci,-k. 

Proposition 3.7. The push-forward and pull-back are related by the usual projection 
formula: 

for ^i-.Di^X proper, a e K°X, b e K^Di. 

Theorem 3.8. On any Dj there is a canonical duality homomorphism 

K°Dj K^Dj 

which takes a vector bundle to its sheaf of sections. When Dj is non-singular, this 
duality map is an isomorphism. 
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Definition 3.9. Consider Dj which are smooth over a given ground field C. For such 
Dj we identify K°Dj and KoDj, and write simply K{Di) . There is a homomorphism, 
called the Chern character 

ch : K{Dj) ^ A{Dj)q 

determined by the following properties: 

i) ch is a homomorphism of rings; 

ii) ifii-.X^ Dj, cho^j =CjO ch; 

Hi) if I is a line bundle on Dj, ch[Di] = exp{ci{l)) = ^^(l/'i!)ci(/)* 

Theorem 3.10. Let : Dj ^ X be a smooth projective morphism of non-singular 
quasi- projective varieties. Then for any Grj^ G K(Dj) we have 

e,,. {chiGr^-:Xj.tdiTn,)) = td{Tx).ch (^i ^{Gr^-:'X^ 
in A{X) Q. where Td{X) = td{Tx) G A{X)q is the relative tangent sheaf of 
See [El PP 286-287]. 

Theorem 3.11. If Dj is a non-singular variety set 

Td{Dj)=td{Tn,)eA{Di)Q 

then 



if : Dj ^ X , is a closed imbedding of codimension q, and Dj is the intersection 
of q Cartier divisors Di^, ...,Di on X, then 



Td{Di) = Ci 



Td{X).\{(- 

3=1 ^ 



-.-Di-i 



See 1^ p. 293]. 



So 



^iA^hiGr^CXj-td{Tn,] 



6,. 



1 - e^^'^ 



Trf(x).n 



1 - e"^^^ 
A. 
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Corollary 3.12. 

ch fa(Gr, 



ll,...,lq 



n 



1 - e-^'^ 



n 

i=i L 



e J (e J — Ij 



•6.(cMGrt-V))- 



Theorem 3.13. Apply the above corollary in the equation (13 ■4p of Theorem \3.4\ we 

get 



ch'''''{E) = ch^\E)e''+ 



(10) 



■B-D' E E n 

9=1 ii<J2<---<i9 Ai gS' 3=1 



1 _g-K(A.^)+l)A, 



Now return to the equation ([7]) but apply it to the bottom value of cr^ = rji. Recall 
that = E{—D); but on the other hand rji. < for any Xi. G Thus we 

get 



n 



(j=l ii<i2< — <iq Xi GT,'. 

1 '■t 



(11) ch''\E) = ch^' {E{-D)) -Y^{-ir Yl E ^H^^'-^^^'^H.i, 



9=1 ii<i2<---<i„ Ai , eS' 



Put equation (fTTj) in (13.131) and use Corollary I3.12[ to get 

c/i^-(E) = ch^^ iE{-D)) e^- 



■E(-i)' E E n 

9=1 «i<«2<...<ig Ai .es' j=l 



1 — e ^ 



A- 



6. cMGr-;::^:,J + 
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n q 

e° E(-i)' E E n 

q=l ti<«2<---<«g Ai .eS' j=l 

We have ch^'' {E{~D)) e° = ch^\E), therefore: 
Theorem 3.14. 

ch'^'^'XE) = ch^\E) - 

q=l ii<i2<--<iq Xi .eT.', j=l \ h / 

(12) 

n q 

E(-i)' E E n 

g=l ii<i2<...<«q Ai GS' J=1 

4. Computation of parabolic Chern characters of a locally abelian 

PARABOLIC bundle E IN CODIMENSION ONE AND TWO ch(°-''{E), c/if '"'(£') 



Proposition 4.1. For an n- dimensional, non singular variety Y , set 

where p denotes the codimension, and n — p the dimension. With this indexing by 
codimension, the product x®y^ x.y, reads 

A^Y ® A'^Y AP+'^Y, 

i.e, the degrees add. Let 1 G A^Y denote the class corresponding to [Y] in AnY , and 
set A*Y = 

Return to the equation (13.140 

ch^^^iE) = ch^\E) - 

■n 'J /l -Di\ 

e°E(-i)' E E n R^^ + 

5=1 ii<i2<-<iq\i.eT,' j=l \ h / 
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■^i,AchiGr 



ti,.... 



'9 



ti,.. 



="-E(-i)' E E n 



q=l ii<i2<—<iq Xi.eT.'. i=l 



take 



1 - e-(-.,(A.,)+i)A, _ 1 - (l - (a,^.(A,J + 1)A, + - 



= K.(A,J + 1) 



-A, + 



Let Gr^ be a vector bundles over Dj for 7 — (ii, and A = (Aj^, Aj^) with 

rank r, we have 

+c/i^^(G'r^) + c/i^^(GrD+...)/X 

+0,. (c/if (Gri)) + W(Gri)) /X + .... 



so 



p&Irr{Di) 

in >1°(A) = AdimDADi) = 0^°(i^p) = 0Q-[i^p] 
where Di — [J A Irr{Dj) denotes the set of irreducible components of 



p^Irr{Dj) 

Ai n Aa n ... n A„ then 



Yl rank,{Gri).[D,]/Dj\ = I rank,{Gri).[D,]/x\ e A'^{X) 

\peIrr{Di) J \peIrr{Di) J 



which is of codimension q, 



ch^'iGri) = c^'iGri) e A'{Di) = Arf,^D,-i(A) then 
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(6,* {c^'{Gr{)) /X) e A^^'i{X) which is of codimension g + 1, 



ch^'{GT{) = ^ [(cfO'(Gri) - 2c^^(Grl)] e ^^(D,) = yldimD,-2(i5/) then 
6,* QflcfO^lC^l) - 2cf^(G'r^)]^ /X e which is of codimension ? + 2, 

= \ [(cfO'(Gri) - 3cf^(Gri)c?^(Gri)] + ?>c^'{Gri)\ G A-^(Z^,) then 



which is of codimension g + 3. Therefore 



q=l n<i2<...<i9 Ai,. gS; 



n 



3 



(a,^.(Ag + 1) - ^A, + '-Dl - 



J2 rarzfcp(Gri).[i?,]/X+e,,.(cf^(Gri))/X+e,,.(kcfO^(G'rD-2c?^(Gri)])/X 



pE.Irr{Dj) 



+6..(il(cf ')'(Gri) - 3(cf'(Gri)c?'(Gri) + 3cf'(GrJ)])) 



q=l ii<i2<-<iq Aj.eE'. j=l 



J2 r,{Gri).[D,]/X+ 

p€:Irr(Dj) 



(13) 



^jAc?'{Gri))/X + ^lA^iic^'nGri) - 2c^' {Gri)])/X+ 
Mliic^'nGri) - 3{c?'{Gri)c^^{Gri) + 3c^'{Gri)]) 



we have 
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ch^\E) = rank{E).[X] + ch\\E) + chX\E) + chX\E) + ... 

where rank{E).[X] e chX\E) e A\ chl\E) e A\ chl\E) e A\ 

and ^ 1 + D + — + — + ... where 1 e D e A^, — e A^, ^ 
for A; = 0, 1, n, c/if = ch^^^iE) + c/if + c/if + c/if + ... 
then 

ch^^^iE) + c/if + c/if = rank{E).[X]/A° + chY\E)/A' 
-rchX\E)/A'~Y. E MK) + ^)-rank{Grl^).[D,,]/A' 

-EE K(An) + l).teJ*(c^(Gr-.))M2 

-EE K(An) + l)-ranfc(Grig.[Aj.p]M' 

+ E E E MK) + l)(«i.(A.J + l).Tank,{GT'^:i\^).[D,\/A' 

ii<i2 ^ii pe/rr-pi^nDij) 

+^E E K(AJ + l)^.ranA:(Grig.[AjV^' 
+ E E rank{Gr%^).[D,,]/A' 
+ E E (en).(c^(Gr-,))M^ 
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+ E E ranfc(Grig.[Aj.p]M' 
-EE E ranfc,(GrlV;X).[i^.]M^ 

h<i2 pei"rr-(DijnDi2) 

-^E E rank{Grl^mf/A' 

Lemma 4.2. In the Grothendieck group, for all ii,i2 £ S, for all Aj^ e E^^, /or all 
p e Irr{Di^ n £>i2); /iave; 



Now we have D = ^ A and [Aj-lAa] = E t^p] ^^^^ 

[i5].[Aj = Et^n]' + E = Et^-]' + E E [^p]- 

Then 

ch^'^'XE) + ch^^'XE) + ch^'^'XE) = rank{E).[X]/A^ + ch^\E)/A^ 
+ ch^\E)/A'-J2 E «n(An)-ranfc(Grig.[AJM' 

-EE «n(Aj.teJ.(cfHGrig)M^ 

-EE «n(An).ranMGriy.[AjV^' 
^ie'5Ai,en^ 
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+ E E E «,,(A,J.ran^,(G'ri'^;^,,^J.[iP,]M2 

ii<i2 -^ij pe/rr-pi^nDij) 

+ E E E «i2(A.2)-ranfcp(GriJ,,^J.[i?,]M^ 

+ E E E «n(An)-«i2(A.2)™^p(Gr-;%J.[2?p]M^ 

+ ^E E 4(An)™MG'rJ^).[AjV^' 
+ E E «n(An)™A;(Grig.[AjV>i' 

4.1. The characteristic numbers for parabohc bundle in codimension one 

and two. -For any parabolic bundle E in codimension one, and two, the parabolic 
first, second Chern characters ch^"'^{E), and c/i^"'"(ii^), are obtained as follows: 

. ch^^'XE) := rank{E).[X] 

.ch{'^^{E):=chX\E) - J2 H an(An)-ranfc(Gr^g.[Aj 
.ch^^^(E):^ chX\E) «n(An)-(en)*(cfHGr-^)) 

+ ^ E E <{K)-rank{Grl^).[D,,r 
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il<i2 ^■ii p<^Irr(Di^nDi^) 
^'2 

In order to compare with Mochizuki's formula, note that 
£1 £1 0ihiK)-0ii2{K)-rankp{Gr'^f^%^J.[Dp] = 

h<i2 \i p£lrr{D,-^nDi^) 
^»2 

\YY1 Y1 (^iiiK)-(^r2{K)-rankp{Gr^f^\J.[Dp] 
therefore our formula may be written: 

+ ^EE E (^hiK)■0^^2i^i2)■rankp{Gr^;'^^J.[Dp]. 

iif^i2 ^ii pGlrr{Di-^nDi^) 

^i2 

This coincides exactly with the formula given by Mochizuki in |Mo2^ §3.1.5, p. 
30]. It is also the same as the definition given by Panov [Paj . Note that in Panov's 
general definition the sum for the last term is written as without the factor of 
1/2 but later he uses it as a sum over i < j, so our formula and Mochizuki's also 
coincide with Panov's formula in the way he uses it. 

Mochizuki's formula was for the Chern character in cohomology, which he defined 
as the integral of the Chern form of the curvature of an adapted metric. Our calcu- 
lation verifies that this gives the same answer as the method using Deligne-Mumford 
stacks of [Bi] |Bol] |IS1] for rational weights. Our formula is valid for the Chern 
character in the rational or real Chow ring. 
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Here we explain some of the notation: 

. ch\'^{E), ch\^{E) denotes the first, second, Chern character of vector bundles E. 

. Irr{Di) denotes the set of the irreducible components of Di := Di^ r\Di^ fl ... HDi^. 

. denotes the closed immersion Dj — > X, and C/,* : A''{Dj) — ^ denotes 
the associated Gysin map. 

. Let p be an element of Irr{Di fl Dj). Then rankp{Gr{) denotes the rank of Gr[ 
as an Cp-module. 

. [Di.] e A^{X) (g) Q, and [Dp] e A^^X) Q denote the cycle classes given by A,- 
and Dp respectively. 

5. Parabolic Chern character of a locally abelian parabolic bundle 

e in codimension 3, ch^"-'^(e) 



By the same method of computation as above, we get the following formula, which 
has not been considered elsewhere in the literature. 

chi'^^{E)^chr{E)-lYl E MK) + l)-rank{Grl^).[DiMD]' 

+ E («n(An) + l)'-(en)*(cfUGrig).[Aj 

-^E E MK) + lf.rank{Gr\\J.[D,,]' 

-EE K(An) + l).(en)*(cfMGrl^j)-[^] 
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4E E K(An) + l)'-ranfc(Gr- ).[Aj^.p] 



2 



E K(An) + l)-(6j.((cf^)^(Gr-^)-2c^(Gr-^)) 



2 

we5 Ai,eE-i 



2 



E E E («-(^«) + + l).rank,{Grl^:iXJWW 



2 

ii<i2 pe-/'rr-(Di^nDi2) 



+ E E E MK) + + l).rank,{Grl^;X)m^p] 

ii<i2 ^ii peIrr{Di^nDi^) 

-EE E MXiJ+l).{a,,{Xi,)+l).{a,M^^^^ 

ii<i2<i3 -^ii pelrr(Di-^^nDi^nDi^) 



+ ^E E ranMGrig.[Aj.p]^-^E E ^J* (cf U^rig) .[Aj 



+ ^E E ranMGr-J.[Aj^ + E E feJ. (cfUGrl^) .[D] 
ueSAi^eHi ^ie5Ai,eE-i 

-^E E rank{Grl^).[D,,r.[D] + lYl E (Cn)* ((c^)^(GrS^) - 2c^ (Gr^- 
-EE E rank,{Gr^;^,^J.[D].[Dp\ Yl E(^n.2). {c^''"'''' (Gt^CkJ) 

•^12 ^'2 
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+ E E E rcmkviGrt:Xx^^^ 

ii<i2<i3 pe7rr-(Dij nDjjHDjg) 

+^EE E ranfcp(Grl-J.[A.].pp] 

n<i2 ^ii p€7rr-(Dj^nDj2) 

+ ^EE E ranfc,(Gr--J.[A,].pp] 



5.1. The characteristic number for parabohc bundle in codimension three. 
-For any parabolic bundle E in codimension 3, the parabolic third Chern character 
ch^"'^{E), is obtained as follows: 

ch^,'^^{E)^chX\E)-]^Y. E c^^AK)-rank{GTl^).[D,,\.[Df 

+ ^E E [<('^n)+2an(An)]-(en)*(cfUGrl^,))-[Aj 

-^E E [4(V) + 34(\0 + 3a,,(A,J].ranfc(Grl^^).[Aj' 

-EE «n(An).(en).(cfnGrl',,))-[^] 
^ie5A,,eE-i 

+ ^E E K(An) + 2a.,(A,J].ranMGrig.[Aj'.p] 
iie5Ai,GE-i 

-^E E "n(AJ.teJ.((c^)'(Gr-j) 

+ E E «n(An).(en)*(c^(Gr-^)) 
we5Ai,eE-i 
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~2 5^ 5Z 5Z [al(^i2)-an(^n) + 2an(AiJ.ai2(AiJ+ai,(AiJ+a.^(AiJ + 
2a,, ( A. J] .rani, (GrlV;^, J . [A.] . [^p] 

~^ 5Z 5Z 5Z [a?i(AiJ.ai2(Ai2)+2ai,(AiJ.ai2(AiJ+ai2(Ai2)+a^(AiJ + 

n<«2 pe-rrr(Di-^nz)i2) 

2a,, ( A, J] .ranA;, (Gr^-;^, J . [A J . [/^p] 

+ 5Z 5Z Yl K(An)-«i2(Ai2)+«n(An)+ai2(Ai2)]-™^^p(<^'^A,;\)4^^ 

n<i2 pe7'rr(_Di,nA2) 

+ E EK(^n)-«.2(A.2) + «n(An) + a,,(A,J].(6,,J. (cf'^"'''^ (Gr^-^ )) 

^«2 

- 5Z 5Z 5Z [ai,(AiJ.ai2(Ai2).ai3(Ai3) + ai,(AiJ.ai2(Ai2)+ 

ii<i2<i'i pe/rr(Z)ijnDi2nDi3) 

ai2 ( Ai2 ) .ai3 ( Ai3 ) +ai, ( A^, ).ai^ ) +ai, ( Ai, ) +ai2 ( Ai2 ) +0,3 {\i)\.rankp{Gr^:'^^^^^^ ^^^^ ) . [Dp] . 
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